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Using a fully covariant treatment for the description of the bulk geometry, we study the brane
cosmological evolution in the presence of a smooth bulk matter distribution. We focus on the
case of a Friedmann-Robertson-Walker (FRW) brane, invariantly characterized by the existence of
a six-dimensional group of isometries acting on 3D spacelike orbits. With a FRW brane, the bulk
geometry can be regarded as the 5D generalization of the inhomogeneous orthogonal family of Locally
Rotationally Symmetric (LRS) spacetimes. We show that, for any bulk matter configuration, the
expansion rate on the brane depends only on the covariantly defined comoving mass M of the bulk
fluid within a radius equal to the average length scale of the 3D spacelike hypersurfaces of constant
curvature. This unique contribution incorporates the effects of the 5D Weyl tensor and the projected
tensor related to the bulk matter, and gives a transparent physical picture that includes an effective
conservation equation between the brane and the bulk matter.
I. INTRODUCTION
The possibility that our Universe is identified with
a 4D hypersurface (3-brane) embedded in a higher-
dimensional bulk space allows for interesting novel fea-
tures in the cosmological evolution as perceived by a
brane observer. Consistency with the standard cosmo-
logical expansion can be achieved if the extra dimensions
are “warped” in a way that low-energy gravitons are lo-
calized on the brane [1]. This requires a negative cos-
mological constant in the bulk. The presence of matter
localized on the brane induces a cosmological expansion.
The 3-brane must also have a tension that balances the
effect of the negative cosmological constant on the expan-
sion. For low energy densities, the effective Friedmann
equation on the brane has the standard form [2, 3, 4, 5].
Several features and variations of this scenario have been
consider. (For recent reviews see [6, 7].) We are inter-
ested in the effects arising from the presence of additional
matter in the bulk, such as gravitational radiation emit-
ted or absorbed by the brane [8, 9], or bulk fields [10].
The possible energy exchange between the brane and the
bulk can induce important modifications of the cosmo-
logical evolution [11, 12, 13].
In this work we would like to address the problem of
the effect of the bulk matter on the brane cosmological
evolution in a general way. For this reason we employ
the covariant formalism [5, 7] that permits us to describe
the evolution without reference to a particular local sys-
tem of coordinates. We assume that the spatial part
of the brane metric is maximally symmetric, in agree-
ment with the homogeneity and isotropy of the observed
Universe at large scales. We refer to it as a Friedmann-
Robertson-Walker (FRW) brane. As a consequence, the
bulk geometry can be seen as the 5D generalization of the
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inhomogeneous orthogonal Locally Rotationally Symmet-
ric (LRS) spacetimes [14]. Our main result is that the
symmetry of the FRW brane constraints the form of the
bulk contribution to the brane evolution. The effective
Friedmann equation contains only one term originating
in the bulk matter. The physical quantity affecting the
brane evolution is the covariantly defined comoving mass
of the bulk fluid within a radius equal to the average
length scale of the 3D spacelike hypersurface (essentially
the value of the scale factor).
In the following section we summarize the known re-
sults for the bulk-brane dynamics within the covariant
formulation. In section III we concentrate on the case
of a FRW brane. We invariantly characterize the bulk
geometry in terms of the unique preferred spacelike di-
rection that represents the local (axis) of symmetry. This
naturally emerges from the assumption of the rotational
symmetry of the 5D bulk. In section IV we express co-
variantly the electric part of the Weyl tensor in terms of
the irreducible parts of a general bulk energy-momentum
tensor with respect to a generic bulk observer uA. The
comoving mass appears as a first integral of the con-
straint equations satisfied by the shear tensor and the
electric part of the 5D Weyl tensor. As two concrete
and illustrative examples, we apply the above consider-
ations to the Gauss-normal coordinate system in which
the brane is located at a fixed value of the fourth spa-
tial coordinate (brane comoving system), and to the co-
ordinate system adapted to the bulk observers uA (bulk
comoving system) in which the brane is moving. This
approach shows the equivalence of these points of view
for any bulk matter configuration. In section V we use
these results in order to derive the effective Friedmann
and Raychaudhuri equations governing the cosmological
evolution on the FRW brane. A combination of these
equations has the form of a conservation equation in-
volving the brane energy density and an effective density
originating in the bulk matter. Our conclusions are given
in section VI.
Throughout this work we use the following index con-
2ventions: bulk 5D indices are denoted by capital latin let-
ters A,B, ... = 0, 1, 2, 3, 4 and greek letters denote space-
time indices α, β, ... = 0, 1, 2, 3.
II. BRANE DYNAMICS WITH MATTER IN
THE BULK
We are interested in cases with a matter component
in the bulk in addition to the negative cosmological con-
stant. We consider an action of the form
S =
∫
d5x
√−g (Λ +M3R + Lmat
bulk
)
+
+
∫
d4x
√−g (−V + Lmat
brane
)
, (1)
where R is the curvature scalar of the five-dimensional
bulk metric gAB, −Λ the bulk cosmological constant
(Λ > 0), V the brane tension, and gαβ the induced met-
ric on the brane. The brane is assumed to be normal to
the unit spacelike vector field nA that is tangential to the
extra spatial dimension.
The Einstein Equations (EE) in the bulk take the usual
form
GAB =
1
2M3
(
TAB + Λδ
A
B
)
, (2)
where TAB denotes the total energy-momentum tensor,
i.e.
TAB = T
bulk
AB + δ (n) (T
brane
AB + V gAB) . (3)
The modified 4D EE are derived by assuming a Z2 sym-
metry of the bulk around the brane and employing Is-
rael’s junction conditions [7, 16]
Gαβ = −3λgαβ+ V
24M6
Tαβ+
1
4M6
Sαβ−Eαβ+ 1
3M3
Fαβ,
(4)
where
Sαβ = 1
2
TTαβ − 1
4
TαγT
γ
β +
3TγδT
γδ − T 2
24
gαβ (5)
Fαβ = T bulkAB gAαgBβ +
(
T bulkAB n
AnB − T
bulk
4
)
gαβ (6)
Eαβ = EABgAαgBβ = CACBDnCnDgAαgBβ (7)
and λ = (V 2/12M3−Λ)/12M3 is the effective cosmolog-
ical constant.
From the EE (4) we observe that, apart from the terms
quadradic to the brane energy-momentum tensor, there
exist two additional terms corresponding to: a) the pro-
jection of the 5D Weyl tensor Eαβ and b) the projected
(normal to nA ) tensor Fαβ that contains the bulk matter
contribution. Since both tensors are 5D objects we con-
clude that both induce bulk effects on the brane. In the
case of an empty bulk, the 5D contributions on the brane
are coming from the non-local effects of the free gravita-
tional field incorporated in Eαβ (5D bulk gravitons). As
we shall see in the subsequent sections, when the bulk is
non-empty, the tensor Eαβ is expressed in terms of the
bulk matter configuration. Therefore it is clear that, in
order to analyze the cosmological evolution on the brane,
we must take into account the contribution of the bulk
energy-momentum tensor.
Formally any type of bulk matter can be covariantly
described by an energy-momentum tensor decomposed
with respect to the cosmological (brane) observers u˜α ≡
gAα u˜A as
T bulkAB = ρ¯u˜Au˜B + p¯h˜AB + 2q¯(Au˜B) + π¯AB . (8)
The energy density ρ¯, isotropic pressure p¯, energy flux
vector q¯A and anisotropic pressure tensor π¯AB, measured
by the brane observers, are covariantly defined as
ρ¯ = TABu˜
Au˜B, p¯ =
1
4
TABh˜
AB, q¯A = −h˜CATCDu˜D,
π¯AB = h˜
C
Ah˜
D
BTCD −
1
4
(h˜CDTCD)h˜AB , (9)
where h˜AB = gAB + u˜Au˜B is the projection tensor per-
pendicularly to u˜A.
With these identifications the conservation equation
on the brane, coming from the twice contracted Bianchi
identities, implies [7]
T ;βαβ = −2
[(
q¯Cn
C
)
u˜α + π¯ABn
BgAα
]
. (10)
This shows that in general the brane matter is not con-
served, but there is energy exchange (outflow or inflow)
between the brane and bulk, that depends on the charac-
ter of the vector field
(
q¯Cn
C
)
u˜α + π¯ABn
BgAα involving
the energy flux vector q¯A and the bulk anisotropic stress
vector π¯ABn
B.
III. AN INVARIANT DESCRIPTION OF THE
BULK GEOMETRY WITH A FRW BRANE
For a FRW brane the 3D hypersurfaces D normal to
the prolongated cosmological observers u˜A are maximally
symmetric. In geometrical terms this means that the
full 5D space admits a six-dimensional multiply transitive
group of isometries acting on 3D spacelike orbits. This
in turn implies the existence of a one-parameter continu-
ous isotropy subgroup. Consequently, the bulk geometry
with a FRW brane can be seen as a 5D generalization
of the inhomogeneous orthogonal family of Locally Rota-
tionally Symmetric (LRS class II ) spacetimes [14].
Let us examine the kinematics and dynamics of the
bulk from the point of view of a bulk observer uA
(uAuA = −1 and uA 6= u˜A). The deformation of the
3timelike congruence uA is covariantly described by the
irreducible 1+4 threading of its first derivatives in the
standard way [15]
uA;B = ΣAB +
Θ
4
hAB +ΩBA − u˙AuB, (11)
where ΣAB =
(
hKAh
L
B − 14hKLhAB
)
u(K;L), Θ = u
A
;A,
ΩBA = u[A;B] + u˙[AuB] and u˙
A = uA;Bu
B are the rate of
shear tensor, the rate of expansion scalar, the vorticity
tensor and the acceleration of the observers uA, respec-
tively, and hAB = gAB+uAuB is the projection operator
perpendicularly to uA. We assume that the timelike con-
gruence uA is irrotational, i.e. ΩAB = 0. This is always
possible within the geometry we are considering.
Regarding the dynamics, the matter content of the
bulk is described by the energy-momentum T bulkAB , which
with respect to the observers uA can be written as
T bulkAB = ρuAuB + phAB + 2q(AuB) + πAB. (12)
The dynamical quantities measured by the bulk observers
are defined in a similar manner as in (9).
Because of the LRS bulk geometry, there exists a pre-
ferred spacelike direction eA representing the (local) axis
of symmetry with respect to which all the geometrical,
kinematical and dynamical quantities are invariant. It
is natural to select eA to be the normal to the timelike
congruence of the bulk observer uA, i.e. uAeA = 0. As a
result all the spacelike vector or tensor fields perpendic-
ular to uA can be written in terms of eA.
In complete analogy with [14] we introduce the unique
spacelike and trace-free tensor
eAB = e(AB) =
1
3
(4eAeB − hAB) = hAB − 4
3
ΠAB (13)
where the projection operator ΠAB is defined as
ΠAB ≡ gAB + uAuB − eAeB = hAB − eAeB (14)
and has the usual projection properties
ΠAA = 3, Π
A
CΠ
C
B = Π
A
B , Π
A
Be
B = ΠABu
B = 0,
(15)
i.e. it projects normally both to uA and eA. Essentially
ΠAB is used for the 1+1+3 decomposition of the tangent
space. In the particular case of the FRW brane it corre-
sponds to the induced metric of the 3D hypersurfaces of
constant curvature.
Using the above definitions it will be convenient to
express every covariantly defined spacelike and traceless
tensor ΛAB as
ΛAB =
√
3
2
ΛeAB (16)
where Λ2 = ΛABΛ
AB/2 is the norm of the trace-free
tensor ΛAB.
IV. THE WEYL RADIATIVE ENERGY
Our aim in this section is to express the scalar
E = CACBDu˜AnC u˜BnD (17)
in terms of the bulk matter. It will prove easier to com-
pute the scalar E = CACBDu
AeCuBeD with respect to
the bulk observers uA and the preferred spatial direction
eA (eAuA = 0). It can be shown easily, by performing a
1+4 decomposition of u˜A and nA w.r.t. uA and eA, that
E = E.
Using the Ricci identities for uA, the normal projec-
tion of its trace and the energy-momentum decomposi-
tion (12) gives the generalized constraint equation for the
shear tensor of the (irrotational) bulk observers
DKΣ
K
A =
3
4
DAΘ− 1
2M3
qA. (18)
We have employed here the fully projected (perpendicu-
lar to uA) covariant derivative DA which, for any tensor
PAB...IJ..., is defined as
DLP
AB...
IJ... ≡ hARhBS ...hTI hXJ ...hKL
(
PRS...TX...
)
;K
(19)
where a semicolon “;” denotes the usual covariant deriva-
tive associated with the bulk metric gAB.
The trace of Bianchi identities RAB[CD;E] = 0 in a 5D
space gives
CKABC;K =
4
3
(
RA[C;B] −
1
8
gA[CR;B]
)
. (20)
We note that, in contrast to the 4D geometries, equation
(20) is not equivalent to the full set of Bianchi identities.
However, for the purposes of the present work it will be
sufficient. In fact, the 1+4 decomposition of (20) gives
propagation (parallel to uA) and constraint (normal to
uA) equations for the electric part EAB = CACBDu
CuD
of the Weyl tensor. From these we shall need only the
latter. After a straightforward calculation we obtain the
generalized constraint equation for the electric part of the
5D Weyl tensor
4DK
(
EKA +
1
2M3
2
3
πKA
)
=
1
2M3
1
2
DAρ+
1
2M3
2
3
ΣKAqK −
1
2M3
1
2
qAΘ− hBACKLCBΣCKuL, (21)
where we have incorporated the EE (2) away from the
brane.
Denoting with a prime the spatial derivative with re-
spect to the preferred direction eA, and using the fact
that ΣAB and π
A
B are spacelike traceless tensors, equa-
tions (16), (18) and (21) give
1
ℓ4
{[
E +
1
2M3
2
3
(
πABe
AeB
)]
ℓ4
}′
=
1
2M3
1
2
ρ′. (22)
We have introduced the average length scale function ℓ
of the spacelike congruence eA defined as DAe
A ≡ 3ℓ′/ℓ.
Essentially the quantity DAe
A corresponds to the overall
expansion of the spacelike congruence as measured in the
rest space of the observers uA. Therefore, ℓ represents the
radius of the 3D spatial slices D.
Equation (14) implies
πABe
AeB = (T bulkAB − phAB) eAeB = T bulk+ρ− 3p⊥−p.
(23)
The pressure 3p⊥ ≡ ΠABT bulkAB is perpendicular to both
uA,eA and corresponds to the isotropic pressure mea-
sured by the bulk observers.
Integrating (22) and using equation (23) we finally get
E = E = − 1
2M3
[
1
2
(T bulk − 4p⊥) + M
π2ℓ4
]
, (24)
where
M =
∫ ℓ
0
2π2ρℓ3dℓ+M0 (25)
can be interpreted as the generalized comoving mass of
the bulk fluid within radius ℓ.
It would be useful to give some familiar examples by
choosing specific (local) coordinate systems, in order to
express equation (24) in analytic form. In particular, it
is possible to discuss the brane evolution either in the
Gauss-normal coordinate system in which the brane is
located at a fixed value of the fourth spatial coordinate
(brane comoving system), or in the coordinate system
adapted to the bulk observers uA (bulk comoving system)
in which the brane is moving [2, 3, 4].
In the latter case local coordinates can be found such
that uA = n−1(t, r)δAt and the bulk metric is written in
Schwarzschild coordinates as
ds2 = −n2(t, r)dt2 + b2(t, r)dr2 + r2dΩ2k (26)
where dΩ2k is the metric of the 3D hypersurfaces D of
constant curvature that is parametrized by k = −1, 0, 1.
Obviously the preferred spatial axis of symmetry is ∼ ∂r,
and therefore ℓ ≡ r. This implies that the integrated
matter distribution between r = 0 and some arbitrary
radius r is M = ∫ r
0
2π2ρr3dr +M0. The integration
constantM0 is the contribution from the mass of a black
hole located at r = 0.
On the other hand, using Gauss-normal coordinates
for the bulk with the brane located at a fixed value (e.g.
η = 0) of the fourth spatial coordinate, the metric is
ds2 = γαβdx
αdxβ + dη2 =
−m˜2(τ˜ , η)dτ˜2 +R2(τ˜ , η)dΩ2k + dη2. (27)
In this case ℓ = R(τ˜ , η) represents the average length
scale for distances between any pair of brane observers.
It follows that, at the location of the brane η = 0,
the quantity ℓ corresponds to the scale factor of the
FRW brane. The generalized comoving mass is M =∫ R
0
2π2ρR3dR +M0 =
∫ R
0
2π2T bulkAB u
AuBR3dR+M0.
We conclude this section by pointing out that the
equivalence between the two points of view has been
shown for an empty bulk (T bulkAB = 0). In this case the 5D
metric is static and reduces to the well-known 5D AdS-
Schwarzschild withM =M0 representing the black hole
mass [4, 17, 18]. The present approach shows that this
equivalence holds in general and irrespectively of the spe-
cific assumptions for the bulk matter distribution.
V. THE INDUCED MODIFICATIONS OF THE
BRANE EVOLUTION
The invariant characterization of the FRW brane is the
vanishing of the vorticity, shear and acceleration of the
timelike congruence u˜α. Assuming a perfect fluid matter
configuration on the brane, the energy-momentum ten-
sor is written in terms of the energy density ρ˜ and the
isotropic pressure p˜ as
Tαβ = ρ˜u˜αu˜β + p˜h˜αβ . (28)
The conservation equation (10) can be split along and
normally to u˜α. In this way we obtain the propagation
equation for the energy density ρ˜
·
ρ˜ +3H (ρ˜+ p˜) = 2q¯Cn
C . (29)
This equation shows that the rate of energy transfer be-
tween the bulk and the brane is controlled by the energy
flux vector field q¯A that appears in the decomposition of
the bulk energy-momentum tensor according to (12).
5It should be noted that the normal part of (10) gives
the spatial gradient of p˜
hβαp˜;β = −2π¯ABnBgAα. (30)
However, taking into account the relation (16), equation
(30) implies the standard spatial homogeneity hβαp˜;β = 0
of the isotropic pressure p˜.
The brane evolution can be studied by determining
the generalized Friedmann and Raychaudhuri equations
on the brane in the presence of bulk matter. These follow
from the Gauss-Codazzi equations and the timelike part
of the trace of the Ricci identities applied to the (irrota-
tional, geodesic and shear-free) timelike congruence u˜α.
They have the form
H2 =
1
3
Rαβ u˜
αu˜β −
3R
6
+
R
6
(31)
H˙ = −H2 − 1
3
Rαβ u˜
αu˜β, (32)
where Rαβ = Gαβ − G2 gαβ is the modified Ricci tensor of
the brane, 3H = u˜α;α the Hubble parameter,
3R the scalar
curvature of the 3D hypersurfaces D, and a dot denotes
differentiation with respect to u˜α, i.e. H˙ = H;αu˜
α.
Using equation (4) and the decomposition (8), equa-
tions (31) and (32) become:
H2 = λ−
3R
6
+
(
ρ˜2 + 2V ρ˜
)
144M6
−
−
{E
3
− 1
12M3
[
ρ¯− 4
3
(
p¯+ T bulkAB n
AnB
)]}
(33)
H˙ = −H2 + λ− V (ρ˜+ 3p˜)
144M6
−
(
2ρ˜2 + 3ρ˜p˜
)
144M6
−
−
{
1
12M3
[
ρ¯+
4
3
(
p¯+
1
2
T bulkAB n
AnB
)]
− E
3
}
.(34)
with E = Eαβ u˜αu˜β = CACBDu˜AnC u˜BnD.
Employing the corresponding projection tensor Π¯AB =
gAB+ u˜Au˜B−nAnB (projecting normally to nA and u˜A),
we decompose the isotropic pressure p¯ into parallel and
perpendicular parts according to
p¯‖ = T
bulk
AB n
AnB, p⊥ =
1
3
T bulkAB Π¯
AB, p¯ =
p¯‖ + 3p⊥
4
(35)
ρ¯ = −T bulk + p¯‖ + 3p⊥. (36)
We observe that p¯ consists of two terms: a contribution
p¯‖ along the direction of n
A, and the perpendicular part
p⊥ that corresponds to the isotropic bulk pressure par-
allel to the 3D hypersurfaces D. We note that, in a gen-
eral brane, there will be an anisotropic bulk pressure de-
scribed by the traceless part of Π¯CAΠ¯
D
BT
bulk
CD . However,
for a FRW brane, because of the spatial homogeneity and
isotropy of D, the only pressure contribution coming from
directions normal to both u˜A and nA is the isotropic part
p⊥.
Inserting equations (35) and (36) in (33) and (34) we
obtain:
H2 = λ−
3R
6
+
(
ρ˜2 + 2V ρ˜
)
144M6
−
−
{E
3
− 1
12M3
[4p⊥ − T bulk]
}
(37)
H˙ = −H2 + λ− V (ρ˜+ 3p˜)
144M6
−
(
2ρ˜2 + 3ρ˜p˜
)
144M6
−
−
{
1
12M3
[
4p⊥ + 2p¯‖ − T bulk
]− E
3
}
. (38)
Equations (37) and (38) show how the brane evolution is
affected by the presence of matter in the bulk. For ex-
ample, in the case of a general bulk perfect fluid (w.r.t.
to the bulk observers uA) the normal pressure p⊥ is equal
to the isotropic pressure p measured by the bulk ob-
servers. Since T bulk = −ρ + 4p = −ρ + 4p⊥, the last
term in equation (37) becomes ρ/12M3. The influence
of the bulk fluid on the expansion arises through the lo-
cal bulk matter density ρ and the scalar E that can be
loosely interpreted as accounting for the effect of the lo-
cal gravitational field. In the case of a null radiation
fluid (i.e. a generalized AdS-Vaidya bulk) the trace of
the bulk energy-momentum tensor vanishes and the last
term becomes p⊥/3M
3.
Inserting equation (24) in (37) and (38) we get:
H2 ≡ ℓ˙
ℓ
= λ−
3R
6
+
(
ρ˜2 + 2V ρ˜
)
144M6
+
M
6π2M3ℓ4
(39)
H˙ = −H2 + λ− V (ρ˜+ 3p˜)
144M6
−
(
2ρ˜2 + 3ρ˜p˜
)
144M6
−
− M
6π2M3ℓ4
− 1
6M3
p¯‖. (40)
We conclude that the total bulk contribution to the Fried-
mann equation is encompassed by the generalized comov-
ing mass M of the bulk fluid, irrespectively of the dynam-
ical interpetation with respect to the bulk observers.
Another intuitive reformulation of (39) and (40) is ob-
tained by taking the derivative of the first equation along
u˜α and combining the result with the second one. We ob-
tain the effective conservation equation[
·
ρ˜ +3H (ρ˜+ p˜)
](
1 +
ρ˜
V
)
= − [ρ˙eff + 3H (ρeff + peff)] ,
(41)
where
ρeff =
12M3
V
M
π2ℓ4
, peff =
ρeff
3
+
8M3
V
p¯‖ (42)
6can be regarded as the effective energy density and pres-
sure arising through the bulk matter. The effective Fried-
mann equation (39) can be written as
H2 = λ−
3R
6
+
1
6M2Pl
[
ρ˜
(
1 +
ρ˜
2V
)
+ ρeff
]
, (43)
with M2Pl = 12M
6/V . For low brane energy density ρ˜≪
V , the terms ∼ ρ˜2, ρ˜p˜ become negligible.
VI. CONCLUSIONS
Our main results are summarized by equations (39)–
(43). The first equation indicates that the effect of the
bulk matter on the Friedmann equation is incorporated in
the generalized comoving mass M of the bulk fluid, irre-
spectively of the nature of this fluid. This is reminiscent
of the implications of Birkhoff’s theorem for the gravi-
tational field generated by a matter distribution. Both
results are consequences of the assumed Local Rotational
Symmetry of the geometry that is inherited by the matter
distribution (through the assumed symmetry inheritance
by the bulk observers).
The equivalent form (43) of the Friedmann equation
indicates that the bulk generates an effective matter com-
ponent that contributes to the brane cosmological evolu-
tion. For low brane energy densities two fluids contribute
linearly to the expansion: The brane matter with energy
density ρ˜, and the effective (or “mirage”) matter with
energy density ρeff given by the first of equations (42). A
remarkable conclusion can be drawn from equation (41)
for low brane energy densities: There is conservation of
energy between the two components. The brane mat-
ter scales as a perfect fluid with an equation of state
p˜ = p˜(ρ˜). The mirage component again scales as a per-
fect fluid with an effective pressure given by the second of
equations (42). Energy exchange is possible between the
two fluids. We have verified that equations (39)–(43) re-
produce successfully the known cosmological evolution in
a variety of models for the bulk geometry (Schwarzschild-
AdS [4], Vaidya-AdS [8, 9], static perfect fluid in an AdS
bulk [13], etc).
The equation of state peff = peff(ρeff) of the mirage
component is not expected in general to have a simple
form. The reason is that p¯‖ is the pressure of the bulk
fluid perpendicularly to the brane, as measured by the
brane observer. The only simple case involves an empty
bulk energy-momentum tensor, for which p¯‖ = 0, peff =
ρeff/3. This is the well known case of mirage radiation
with ρeff = 12M
3M0/(π2V ℓ4).
An interesting question concerns the possibility of hav-
ing accelerated expansion on the brane as a result of the
brane-bulk interaction. The Raychaudhuri equation (40)
provides important intuition on this problem in a general
framework. The acceleration parameter is proportional
to H˙ + H2. For this to be positive one or more of the
following conditions must be satisfied: a) The effective
cosmological constant λ is positive. b) The brane matter
satisfies ρ˜ < V and p˜ < −ρ˜/3. c) The brane matter satis-
fies ρ˜ > V and p˜ < −2ρ˜/3. d) The comoving massM is
negative. e) The pressure p¯‖ of the bulk fluid perpendic-
ularly to the brane, as measured by the brane observer,
is negative. In general negative pressures are associated
with field configurations. The possibility of a negative co-
moving mass seems problematic at first sight, as usually
it implies the existence of naked singularities or instabili-
ties. A counter example is a brane with negative tension
in the two-brane model of [1].
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